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1 Introduction. 

Let M be a compact complex Kahler manifold. If ci (Af ) = or if ci (M) < 0, 
then it is known by the work of Yau [Y78] and Yau, Aubin [Y78], [A 78] that 
M has a Kahler-Einstein metric. If ci(M) > 0, then there are obstructions 
to the existence of such a metric, and here the guiding conjecture is that 
formulated by Yau in [Y93] , which says that M has a Kahler-Einstein metric 
if and only if M is stable in the sense of geometric invariant theory. 

An important obstruction to the existence of Kahler-Einstein metric is the 
invariant of Futaki [F83], which is a map F : r}{M) C with the following 
properties: -F is a Lie algebra character on the space r]{M) of holomorphic 
vector fields, which depends only on the cohomology class [lo] G H'^{M). The 
vanishing of F is a necessary condition for the existence of a Kahler-Einstein 
metric on M. However, it is not a sufficient condition: in [T97], Tian gives 
an example of a manifold with r]{M) = (so that the Futaki invariant 
vanishes trivially) with the property that M has no Kahler-Einstein metric. 

In [DT], a generalized Futaki invariant is defined for Q-Fano varieties, which 
are certain singular varieties arising naturally as degenerations of smooth 
Fano manifolds. In [T97], a manifold M is defined to be K-stable if the 
Futaki invariant of every non-trivial Q-Fano degeneration of M has positive 
real part. It is proved there that if M has a Kahler-Einstein metric, then 
M is K-stable, and the converse is conjectured to be true as well. 

In general, it is rather difficult to check the K-stability of a given manifold. 
Recent progress has been made by Lu [LuOl] in the case where M is a 
hypersurface: Using a delicate analytic argument, he provides, in the case 
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where M is a hypersurface, an explicit formula for the Futaki invariant of a 
degeneration of M. This represents a non-linear generalization in the special 
case of hypersurfaces of Lu's earlier formula [Lu99] for the Futaki invariant 
of a normal complete intersection. 

In this paper we shall study the Futaki invariant and the Mabuchi K-energy 
using the Deligne pairing technique. The Dcligne pairing technique was 
introduced by Zhang [Z] and developed in [PSl] and [PS2]. Our main result 
is a formula (Theorem 6) for the Mabuchi energy on the orbits of SL{N + 1) 
which provides a non-linear version of Lu's Futaki invariant formula for a 
complete intersection. A similar formula is also established for the Aubin- 
Yau functional. Wc also give a simple characterization of the generalized 
Futaki invariant and a new construction of the generalized Futaki character 
as well. A basic idea in our approach is to associate to each smooth projective 
variety M the one-dimensional vector space 

J^={K-\---,K-') (1.1) 

Here K is the canonical bundle of M, (• • •) is the Deligne intersection pairing, 
and K^^ occurs n+1 times in the pairing. The point is that this construction 
is completely canonical, and hence the action of r]{M) on M lifts to a group 
action on which turns out to be precisely the Futaki character. A slightly 
modified version works in the Q-Fano case as well. 

A more detailed description of the results and organization of the paper is as 
follows. Section 2 is devoted to establishing the simple characterization of 
the Futaki invariant: F{X) is the eigenvalue of the infinitesimal action of X 
on Chow(M), the Chow point of M. Moreover, the Futaki character F{X) 
is the eigenvalue of the action of Aut(M) on Chow(M) (see Theorem 1 and 
its corollary, stated in §2.1 and proved in §2.4). The background needed on 
Deligne pairings is provided in §2.2. Energy functionals in Kahler geometry 
originate from many sources. A unifying theme is that of Bott-Chern sec- 
ondary classes (see e.g. [Do], [FMS], [TOO] and references therein). In this 
paper, we rely on another unifying theme discussed in §2.3, namely energy 
functionals as variations of metrics in suitable Deligne pairings (Theorem 2), 
e.g. 

Mhe-'^ = Mh^O{i^^{<l>)) (1.2) 

Next, in Section 3, we show how one can use this characterization to give 
a new proof of Lu's formula [Lu99] on the generalized Futaki invariant of 
a complete intersection (Theorem 3). Section 4 begins with Theorem 4, 
which provides a general "adjunction formula with metrics" . This theorem 
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is closely related to a corresponding result of Lu, although the formulation 
in [Lu99] is rather different. Finally, we apply the adjunction formula with 
metrics in Theorems 5 and 6 to prove the desired formulas for the Aubin-Yau 
and the Mabuchi energy functional for complete intersections. As stated 
earlier, these can be viewed as a non-linear version of Lu's formula for the 
Futaki invariant of complete intersections. They can also be viewed as a 
generalization to the case of complete intersections of formulas for hyper- 
surfaces obtained earlier in [T94] and [PSl] for the Mabuchi functional, and 
in [Z] and [PSl] for the Aubin-Yau functional: in particular, wc show that 
the K-energy of a complete intersection may be expressed as a degenerate 
norm on the space of defining polynomials. 



2 Lifting the Futaki character 
2.1 Statement. 

Let M be an irreducible normal projective variety and M^eg ^ M the open 
subset consisting of all smooth points. We say M is Q-Fano if there exists 
A; > and a very ample line bundle L on M such that L\Mreg = ^Mreg- 
A Kahler form oj on Mr eg is admissible if there exists (^^m : M ^ P^, an 
embedding of M defined by some power of L, and a Kahler form u on 
representing ci(P^), such that 

If ^ is a metric on 0(1) such that u = Ricih) = —^^^ddh, then we define 
a metric /i on L as follows: 

h = —(f>lm(h) (2.2) 
m 

A vector field X on Mreg is admissible if there exists an embedding as above, 
and a holomorphic vector field ^ on P^ such that ^ is tangent to M^eg with 
CiMreg = ^- The space of all admissible vector fields will be denoted ri{M). 
It is the Lie algebra of the algebraic group G = Aut{M) consisting of all 
invertible algebraic maps from M to itself. 

Suppose Lo is an admissible Kahler form on Mj-eg and X G r]{M). Define 

F{X) = (n + 1)/ X(/)u;" (2.3) 
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where / is a smooth function on Mreg chosen so that 



Ric{uj) — 




If M is smooth, then Futaki [F83] has shown that (2.3) is weh defined, 
independent of the choice of w, and F : r){M) — C is a Lie algebra character. 
For arbitrary Q-Fano M, this was proved, using resolution of singularities, 
by Ding-Tian [DT]. When M is smooth, it is known, through the work of 
Futaki, Mabuchi and Morita (see [F87], [Ma], [F-Mo]) that F has a lift to 
a group character F : G ^ . They show, using the theory of Chern- 
Simons invariants, that F may be constructed as the fiber integral of the 
Godbillon-Vey class of a certain locally trivial M bundle over the classifying 
space BG. Yotov [Yo99] was able to construct F in the general case of Q- 
Fano varieties by combining the techniques of the previous authors with the 
Edidin-Graham [EG] theory of equivariant Chow cohomology groups. 

Our first theorem gives an alternate construction of F in terms of the Dcligne 
pairing (for background on Deligne pairings, see §2.3): Let M be a Q-Fano 
variety and let L be the extension of K~'' from Mreg to M. Then the action 
of G on M lifts canonically to an action on K^^ and thus G acts on the 
pairing JT = {L,L,...,L), the Deligne pairing of L with itself n + 1 times. 
Since ^ is a one dimensional vector space, the action of G on ^ defines a 
group character 

F:G^ Aut{J^) = C 

Thus, if •■•)^n are rational sections of L with div{£o) fl • • • fl div{in) = 0, 
and a eG, then F{a) = {ado, —,cr*£n) / {^G, —,^n) € C^. 

Theorem 1. The character F : G ^ Aut{T) = is a lifting of the Futaki 
character. More precisely, if X & h{M) and if = X + X is the real part 
of X, then 

F(exp(tXR)) = exp(U"+^F(X)) 

As a corollary, we find that F{X) is the eigenvalue of the Chow point of 
M: More, precisely, there is a natural action of G on H^{L^), inducing an 
action on Gr{N — n — 1,P^) and H^{Gr,0{d)), where d is the degree of 
M C P-^, and Gr = Gr{N — n — 1,P'^) is the Grassmannian manifold 
consisting of all AT - n - 1 planes in P^. Let Chowfc(M) G H^{Gr, 0(d)) 
be a representative of the Chow point. Since the Chow point is unique up 
to scalar multiplication, we have, for each a e G, 

(7-Chowjk(M) =Chowfe(M)oa-i = C{a)Chowk{M) 
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for some C{a) G C^. The corollary states that C{a) = F{a)^''^^: 
Corollary 1. The Futaki group character F{a) is characterized by 

(7-Chowfc(M) = F((7)*^"^'Chowfc(M) 

and the Futaki invariant F{X) by 

X-Chowk{M) = A;"+^F(X)Chowfe(M) 

for allaeGC GL{N + 1, C), and for all X G Lie(G). 

2.2 The Deligne pairing 

We recall some of the basic definitions and properties in [De] and [Z] ^: Let 
TT : X ^ S he a flat projective morphism of integral schemes of relative 
dimension n. Thus for every s £ S, the fiber Xg is a projective variety in 
P-^ of dimension n. Let Cq, Ci, Cn be line bundles on X. The Deligne 
pairing is a line bundle on S, denoted {Co,Ci, Cn){X / S), and defined as 
follows: Let ?7 C 5 be a small open set and let li be a rational section of Ci 
over iT~^U. Thus Zj : 'it~^{U) — »• >Cj is a rational function with the property 
Pioli = where pi : Ci ^ X \s the projection map of Ci. Assume that 

the li are chosen in "general position": This means flj div{li) = and for 
each s and i with s e U and < i < N, the fiber Xg is not contained in 
div{li). Then for every k, the map (0,^^ div{li)) ^ is finite: For every s, 
( Hj^fc div{li)) r\ Xg ^ Xs \s a, zero cycle ^n(s)P(s). This means that the 
n{s) are integers and the points P{s) are a finite set of points in Xg. 

Now we define {Cq,Ci, Cn){X / S). Over a small U S, this line bundle is 
trivial and generated by the symbol {Iq, ...,ln) where the li are chosen to be 
in general position. If l'^ is another set of rational sections in general position, 
then {Iq, l!^) = ^/;(s)(Zo, In) for some nowhere vanishing function i/j on U 
which we must specify. We do this one section at a time: Assume that li = l'^ 
for all i ^ k. Assume as well that the rational function = l'p./lk is well 
defined and non-zero on ( n^^fc div{li)). Then = 11 /(^(s))"^*^- The 

Deligne pairing is obviously multilinear in the bundles Cq, - ■ ■ ,Cn- Applied 
to a family X consisting of a single irreducible normal variety (i.e. S consists 
of a single point), it produces a one-dimensional vector space. 

^ At the December 2002 Complex Geometry conference in Tokyo, Professors T. Mabuchi 
and L. Weng informed us that they have also been aware for some time of potential 
applications of Deligne pairings to Kahler geometry. 
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Let TT : X ^ S and £q, ...,Cn as above. Let I be a rational section of £„. 
Assume all components of div{l) are flat over S. Then we have the following 
induction formula: 

{Co,...,Cn){X/S) = {Co,...,Cn-i){div{l)/S) (2.4) 

where (A, ■.■,>C„_i)(Z/5) = Ui{j0.o, ...,jCn-iKYi/Sri ii Z = Y^iUiYi is a 
cycle on S. 

Assume now that X^S are defined over C, and that Ci is endowed with a 
smooth hermitian metric (that is, for any holomorphic map from a smooth 
variety Y io X , the pull back metric on f*C is smooth on Y). We now 
define a hermitian metric on [Cq, Cn){X / S): Let 

c'Ad) = -^ddlog\\l\f 

be the normalized curvature of jCi where I is a local invertible section of >Cj. 
Then di{jCi) is a (1,1) form on Xreg- The metric on {jCq, ...,j0.n){'^ /S) is 
defined by induction: When n = 0, {jC)s = ®pe7r-i(s) so we define 

ll(^o)IU = n \Mp)\\ (2.5) 

pe-7r~i(s) 

In general, we define 

log|KZo,...,UII = log\\{lo,...,ln-l)idiviln)/S)\\ + [ log 1 | A^Jo^c; (A) 

J X/S 

where the integral is the fiber integral over S, so both sides are functions on 
the base manifold S. 

If we combine the induction formula with the definition of the metric, we 
immediately get the following isometry: 

{Co,...,Cn)iX/S) = 

(£o,...,>Cn-i)(dz^(0/'5) <8)0 (^-^^^log||Zn||Ar=roc'i(A)j (2-6) 

where 0{f) denotes the trivial line bundle with metric ||1|| = exp(— /). In 

particular, 

{Co,...,Cn-i,jCn®Oicj>)){X/S) = {Co,...,Cn)iX/S)^OiE) (2.7) 
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where 

E = f <P-]lc[{Ck) (2.8) 
Using induction we get the following change of metric formula: 

{Co®0{(t>o),...,Cn®0{(t>n)){X/S) = {Co,...,Cn){X/S)®0{E) (2.9) 
where 

E = I E'^j-nc'i('Cik®o(^ik))-nc'i(A) (2.10) 

Let (p : X ^ y he a morphism of projective flat integral schemes over S and 
let m = dimiX/y) and n = dim(3^/5). If /Co,...,/C are line bundles on X 
and Ci, ..,jCn are line bundles on y then we have a canonical isometry: 

{JCo,...,ICni,(t)*€.i, ...,(l)*Cn){X/S) = 

((/Co, ...,iCm){x/y),Ci, ...,Cn){y/s) (2.11) 

Now if M and M' are hcrmitian line bundles on then it follows easily from 
the definition of the Deligne pairing that we have the following isometrics 

{Cx,...,Cn,TT*M){y/S) = J\fA^&W^v)-Cl{Cnr,)] (2.12) 

and 

{C^,...,Cn-l,1T*M,'K*M'){y/S) = Os (2.13) 

Here Lj^ is the restriction of Lj to a generic point of S. In particular, if /Co = 
(t)*CQ in (2.11), then the right side reduces to {Cq, £,„)'lcg[ci{K:i^)-ci(^^^)]^ 

where /Cj>j is the restriction of ICj to the fiber at a generic point of y. 

2.3 Energy Functionals and the Deligne Pairing 

The change of metric formula (2.10) can be used to show that various impor- 
tant functionals have a natural interpretation as metrics on certain Deligne 
pairings. This point of view is rather useful (cf. [PSl] and [PS2] ) and will 
be adopted as well in the proofs of the theorems in this paper. In this section 
we recall some of the key functionals and give their metric interpretation: 
Let M be a Kahler manifold with Kahler form ui. Denote by 

P{M,Lo) = {0GC°°(M,R) :a;^ = a;+^— Oa(/)>0} 
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the space of Kahlcr potentials, and recall that Ric{uj) = —^Y^dduj^ is the 
Ricci curvature form of u. The Aubin-Yau functional is defined by 



1 r 

AYM = ^ / E<^^""'^0' (2-14) 
the Futaki functional is defined by 

Fut,((/.) = [ f^,/)i^^c(a;^-'=i^^c(a;^)*^ (2.15) 



k=0 

and the Mabuchi K-energy is defined by 

n-l 



LO" 



f ( uj \ — r 



nci(M)[a;]"-i " f 



(2.16) 



(With a different normalization, the Aubin-Yau functional appears in the 
literature as the functional F^{(f)) = — ^^AYt^(0).) Now suppose that L 

M is a holomorphic line bundle with metric h and to = Ric{h) = —^^-ddh 
(so in particular, to G ci(L)). Corresponding to the three functions (2.14), 
(2.15) and (2.16), we define the metrized Q line bundles: 



Ah = (L,...,L)ciW", J^h= {K-\K-\...,K-') 

1 „ ci(M)ci(Z,)"-l 

Mh = {K, L, L) (L, L) "+i [-1 (2.17) 

For example: Ahe-<i> = (L (g) O(0/2), L (g) 0{(t>/2))^^^ . A direct calcu- 
lation from the change of metric formula (2.10) gives 

Theorem 2. The Auhin- Yau, Futaki, and Mabuchi energy functionals arise 
as changes of metrics in the corresponding Deligne pairings 

Ahe-^ = A®0(AY^(</.)/2), jr^,-^ = jr^®O(Fut^(0)/2) 

Mhe-'^ = Mh®0{y^{cf)/2) (2.18) 
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2.4 Proof of Theorem 1. 



For notational simplicity, we give the proof in the case k = 1. 

Fix /i, a smooth metric on L = K~^. H (f> is a smooth function on M, 
then L{(l)) is the bundle L equipped with the metric he~'^. If a G G, then 
a : L ^ L((l)(^) is an isometry for a uniquely defined smooth function cpa-. 
Here "smooth" means that for every holomorphic map / from a complex 
manifold Y to M, the pull back metric f*h is a smooth metric on f*L and 
the pull back function (j)^ o f is a smooth function on Y. For example, one 
can construct such an h via formula (2.2). 

Now F{at) : {L,...,L) ^ (L(0i), L(0t)) = {L, L){E{t)) is an isometry, 
where at = exp(tX-£i). Thus by (2.10) 

n . 

Here LOt = u + ^^ddcpt and 4>t = (t>at ■ 

Now lets G (L,...,L). Then F(c7t)(s) = F {at)- s so \F{at)\-\s\ = \F{at){s)\ = 
\s\ ex.p(E{t)). Since F{at) is a homomorphism R — C^, we have F{at) = 
exp(tG(X)) with G{X) e C, so 

E{t) = log\F{at)\ = tRe{G{X)) 

In other words, Re{G{X)) = E'(t). On the other hand, differentiating both 
sides of (2.19): 

E\t) = E / 'PM^'"' + E / <Pt^dd<Ptjcvt'^^-^ 

Integrating by parts in the second integral, we obtain 
E'{t) = ( 0^^;" = Re{F{X)) 

The last equality is proved using integration by parts (see p. 23 of [FMS] 
for the proof for smooth manifolds, and [Yo99] for the general case). We 
conclude that Re{F{X)) = Re{G{X)). Thus -Im{F{X)) = Re{iF{X)) = 
Re{F{iX)) = Re{G{iX)). To prove Theorem 1, we must show that G{iX) = 
iG{X), that is, we must show that : G — > is a holomorphic function. 
This follows from the following: 
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Lemma. The function F : G ^ is an algebraic map, that is, F is 
locally defined by rational functions. 

Proof. We may assume that G is an infinite group. Let {io,...,£n) be a 
section of {L,...,L). Thus r]'j^Qdiv{£j) = 0. Let cr G G be in a smah 
neighborhood of 1g, the identity element of G. Define 

= n div{aip) Yl div{ip) = ^njk{(y)yjk{o) 

P<3 P>3 k 

with njk{o-) G Z and yjk{o') points in M. Then 



F{ay 



{£■0, in) 



n fji^) 

j=0 



where 



m = n 



fc L J 



We claim that each /j (ct) is rational and defined in a neighborhood of a = 
1g- To see this, let tt : G x M ^ M be the projection map, and let 
IJ, : G X M ^ M he the map (cr, m) — a{m). Let Zj C G x M he defined 
by Zj = Y{p<jdiv{^*ip)Y{pyjdiv{'K*tp). Then vr restricted to Zj induces 
a map tTj : Zj G. It has the property 7r~^(cr) = Zj[a). The map Hj 
is generically finite and fj{(y) = Norm^^y^ ^ is therefore rational, which 
implies that F(a) is rational. Since F is a homomorphism, we conclude that 
F is everywhere defined, and is therefore regular at every point a e G. This 
proves the lemma. 

Finally, the corollary follows from the theorem of Zhang [Z], which states 
that {L'^, ■■■^L^) = {L, is canonically isomorphic to the Chow line 

bundle. 



3 The Futaki invariant of a complete intersection. 

The Futaki invariant of a complete intersection has been computed by Lu 
[Lu99] (see as well the paper of Yotov [Yo99]) and is given as follows: 

Theorem 3. (Lu) Let AI be the N — s dimensional normal Fa,no variety in 
Y*^ defined by Fi = ■ ■ ■ = Fg = 0, where Fi, - ■ ■ ,Fs are homogeneous polyno- 
mials of degrees di, dg. Let X = J2f,j=o '^ij'^i'^ ^ holomorphic vector 
field on P^, normalized so that the matrix {aij) has trace zero. Assume 

XFi = KiFi, i = 1, ...,s 
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for complex constants ki,...,Ks. Then 



F{X) = (N-s + l) 



m 



s 



N-s 



i=l J \ 1=1 i=l 

where m = N + 1 — di — ■ ■ ■ — d^. 

We wish to show how Theorem 1 can be used to give a proof of Theorem 3. 
To do this, it is useful to view M as a fiber in the family of all complete 
intersections: 

Let Rd be the space of homogeneous polynomials of degree d, and let 

Z = P{Ra,) X ••• xP(i?dJ 

where s = N — n. Let 

X = {{z,x):z = {F^,...,F,)eZ,xe-p^,Fi{x) = --- = Fsix) = 0} 

Then C Z x is a smooth variety and dim{X) = dim{Z) + n. Let 
C ^ X he the pull back of the hyperplane bundle on equipped with 
the Fubini-Study metric, and let K ^ X be the relative canonical bundle of 
X/Z. Let 

Zq = {z G Z : 7r~^z has dimension n } 

where tt : X ^ Z is the natural projection. Then C Z is Zariski open, 
and the restricted map ir : Xq Zq is flat (where Xq = 7r~^(Zo)). We want 
to compute the Deligne pairing 

^ = {)C~^,}C~^,...,}C~^){X()/Zq) 

which is a line bundle on Zq. 

Note that Fj{z), when viewed as a function of (Fj,z), is homogeneous of 
degree one in Fj and homogeneous of degree dj in z. Thus it represents a 
global section aj of Hj (g) C^^ = HjC^i . The simultaneous vanishing of the Gj 
defines the subvariety Xq C Zq. Thus we have, applying (2.4) successively s 
times, 

{JC-\...,JC-^){Xo/Zo) = {H^C'^\...,HsC'^%JC-\..X-^){{ZoxP'')/Zo) 

(3.1) 

where Hi^. is the pullback of the hyperplane bundle on F{Rdf.). Next we 
recall that the relative canonical bundle of Zq x P^ — > Zq is C^^^. Since 
X is a. complete intersection, defined by the sections ai = ■ ■ ■ = = 0, 
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and since aj is a global section of C^Hj, applying the adjunction formula s 
times yields 

where m = N + 1 — di — ■ ■ ■ — dg. Expanding (3.1) using the multi-linearity 
of the Deligne pairing, we get the main term, {£, ...jC)'^^'"'^"''^"^^ , which is 
the trivial line bundle: Indeed, {zq, zi, .... zj^) is a global nowhere vanishing 
section of (£,...,£). As for the other terms in the expansion of (3.1): If 
two or more of the Hi appear, say ifj and Hj, we get the trivial bundle, by 
applying (2.13), with J\f = and A/"' = Hj. Thus the only terms which 
contribute are those with one H. There arc two ways this can happen: Either 
the Hi comes from the f*'* position in (3.1), with 1 < i < s, and then it is 
paired with C'^'' with k ^ i, as well asn-|-l = A'' — s + l copies of C"^. Or Hi 
comes from any one of the last n + 1 positions and then it is paired with C^^ , 
1 < r < s as well as n = N — s copies of In the first case we apply (2.12) 
with = Hi and = {/I'^i , /I'^'-i , , /I'^- , £™, £™} 

with i2™ repeated N — s + 1 times. In the second case we apply (2.12) A'' — s-|- 
l = n+1 times with A/" = -ff^^ and {£1, ...,£„} = {>c'^^...,£''^ 
where JC^ is repeated N — s times. Thus we obtain 

s 

{Hi£'^\...,HsjC'^%£"'Hi^---H-\...,C"'H^^---H-^) = [] M 

1=1 

where 

ai = {-l){n + l)m^-'did2---ds + m^-'+\did2 ■ ■ ■ ds)/di (3.3) 

Combining (3.1) and (3.2) we obtain F{X) = J2 o^ii^i S'ld this, together with 
formula (3.3) yields Theorem 3. 

4 Energy functionals for a complete intersection. 

4.1 The adjunction formula with metrics. 

We wish to prove a non-linear version of Theorem 3 in which the Mabuchi 
K-energy is expressed in terms of certain norms on the polynomials defining 
M. To do this, we first prove a metrized version of the adjunction formula: 

Let X be a smooth variety and F C X a smooth subvariety. The adjunction 
formula says 

Ky = {Kx®0{Y))\y (4.1) 
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where 0{Y) is the hne bundle associated to the divisor Y. 

The isomorphism is easy to describe in local coordinates: Let y €Y. Choose 
local coordinates (zi, z„) in such a way that y is the origin, and Y is the 
set Zl = 0. Then a local section of Kx ® 0{Y) is meromorphic differential 
form of the type 

g(z)dzi A dz2 A • • • A dzn 

V = 

Zl 

where g{z) = g{zi, ...,Zn) is a holomorphic function. The isomorphism (4.1) 
is rf<-^ 6 where 

= g{0,Z2, ...,Zn)dz2 A ■ ■ ■ dzji 

that is, 6 is the residue of r]. Note that the map r) 9 does not depend 
on the choice of coordinates: If zi = uz'i where n is a nowhere vanish- 
ing function, then ^ = ^ + d(logn) and thus r? = 9(z')dz[Adz2A-Adzn ^ 

9(z')z[d{logu)Adz2A-Adz„ _ J^^^^ ^ 
^1 

[g{z') + z[^]dz[ hdz2h---hdzn 

= '~^> 

^1 

where z' = {z'l, Z2, Zn)- But z'l " vanishes on Y. This shows the 
isomorphism (4.1) is well defined. 

An equivalent way of formulating (4.1) is 

Ky(^0{-Y)\y = {Kx)\y (4.2) 

Again, this is easy to describe in local coordinates: Let y G y, let [/ C X 
be an open set containing y, and let W = U CiY C Y . As before, we assume 
that Y is locally given by the equation zi = 0. Then a section of Kx over 
U is a differential form ij = g{z)dzi A • • • A dzn with g holomorphic on U. 
We say rj is equivalent to zero if g{0, Z2, Zn) = 0- If r/ and r]' are sections 
of Kx over U and U' respectively, where Ur\Y = U'r\Y = W,we say 
that "q ^ rf ii r] — rf is equivalent to zero. A section of {Kx)\y over W is 
then an equivalence class [ry]. Similarly, a section of 0{—Y) is a holomorphic 
function f on U such that f{0,Z2, ■■■,Zn) = 0, in other words, / is divisible 
by Zl . We say that / is equivalent to zero if it is divisible hy zf. A section of 
0{—Y)\y is then an equivalence class [/]. Finally a section of Ky'S>0{—Y)\y 
is locally given by an expression of the form [/](i2;2 A • • • A dzn- And now 
(4.2) is given by [77] 1— > [f]dz2 A • • • A dzn, where / = zig. 
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Now we want prove the adjunction formula with metrics: Let u; be a Kahler 
metric on X. Then u;" is a metric on K^^^ and a;"~^ is a metric on Ky- 
We want to construct a metric || • \\ad on 0{Y)\y in such a way that (4.1) 
becomes an isometry. In other words, for every y G we want || • ||ad to 
have the property 

^ 1 (4.3) 



ad 



at the origin, if {zi,...,Zn) are local coordinates on U C X, centered at 
y G y, satisfying 

a) y n i7 = {z : zi = 0}. 

b) a; = ^^^i dzj A dzj at the origin. 

This is equivalent to constructing a metric || • on 0{—Y)\y such that 
1 1-^1 Had = 1 at the origin, if {zi,...,Zn) satisfy a) and b). We do this as 
follows: 

Let t be a section of 0{—Y) over some open set W (^Y. Thus t is represented 
by a holomorphic function T onU X, with U CiX = W, with the property: 
T vanishes on Y. Here two holomorphic functions on U are "equivalent" if 
their difference vanishes to order at least two on Y. Define 



27r 



'-dd{\T\ 



UJ" 



= ll(v.r)|,||^ = ||(9r)|,||^ 



where V^^T is the gradient of T with respect to the metric uj. This makes 
sense since iTp is a smooth function on X. Thus is a smooth function 



on Y. 



The following theorem is closely related to Proposition 3.1 of [Lu99], al- 
though the statement there looks rather different: 

Theorem 4. Let {X,lo) be a Kahler manifold and Y C. X a smooth sub- 
manifold of codimension one. Lett be a section of 0{—Y)\y over some open 
set W ^ Y . Thus t is an equivalence class represented by a holomorphic 
function T onU X, with U CiX = W , and T\y = (here two holomorphic 
functions on U are "equivalent" if their difference vanishes to order at least 
two onY). Define 



\ad 



A 



27r 



'■dd{\T\ 



ll(v.r)|, 



1 1(5^)1, IP (4.4) 
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where V^^T is the gradient of T with respect to the Kdhler form u. Then 
II ■ Had is a well defined metric on 0{—Y)\y and 



is an isometry with respect to this metric. 

Note that (4.4) makes sense since \T\^ is a smooth function on X. Thus 
||r||^^ is a smooth function on Y. 

Proof. First observe tliat tlic norm || • jjad has a very simple description in 
local coordinates: Let y € Y and let {zi, z„) be local coordinates centered 
at y satisfying a) and b). We write T = ziF where F is holomorphic on U. 



Note that (4.6) holds only at the point y, whereas (4.4) holds on all of W. 
To establish Theorem 4 we must prove the following: 

1) \\t\\ad depends only on the equivalence class of t. 

2) If / is a holomorphic function onWCY, then ||/t||a(i = |/| • IKIUd- 

3) \\t\\ad ^ with equality if and only if t = 0. 

4) If {zi, ...,Zn) are coordinates centered at a point y € Y satisfying a) and 
b), and if Y is defined by zi = 0, then H^iijlad = 1 (or, more precisely, 
\\t\\ad = 1 where t is the section of 0{—Y) represented by zi). 

Property 1) says that || • ||ad is well defined. Properties 2) and 3) say that 
II • llarf is a genuine metric on 0{—Y)\y. And property 4) says that (4.5) is 
an isomorphism. 

Property 1) can be seen as follows: Assume t ~ t' . Then t = t' + z^F where 
F is holomorphic on U , and Y is defined by zi = 0. Then dt = dt' + 0{zi), 
so dt\Y = dt'ly. Alternatively, property 1) follows from (4.6) since if t = ziF 
and t' = z\F' then t ~ t' if and only ii F — F' is divisible by zi. Since zi 
vanishes at y, property 1) follows. 

To prove 2), we note that in calculating d{ft), the derivatives can land on t 
or /. But when we restrict to Y, t vanishes. Thus, for the purposes of calcu- 
lating ||/t||^rf, both derivatives land on t and |/p factors out. Alternatively, 
property 2) follows immediately from (4.6): If t = ziF then ft = zifF, 
where / is any holomorphic extension of / from C y to [/ C X. 

To prove 3), we work in local coordinates: If t = ziF, where F is a holo- 
morphic function on U, \\t\\ad = \F{y)\'^. On the other hand, t vanishes at 
y if and only if F{y) = 0. This proves 3). 



Ky®0{-Y)\y = {Kx)\y 



(4.5) 



Then 




(4.6) 
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Finally, 4) follows immediately from (4.6), and Theorem 4 is proved. 

Remark: We also have the following relative version of Theorem 4: Let S be 
a complex manifold and it : X ^ S a smooth family of complex manifolds of 
relative dimension n. Let w be a (1, 1) form on X such that the restriction 
of Lo to each fiber Xg is a Kahler form. Let y C X he a smooth submanifold 
of codimension one such that = ^ H A's is smooth of codimension one. 
Let ICy and ICx be the relative canonical bundles y ^ S and X ^ S, 
and endow /C^^ with the metric w". Let i be a section of 0{—y)\y over 
some open set W C y. Thus, as before, t is represented by a holomorphic 
function T on U X, with U Ci X = W, with the property: T vanishes on 
y. Define \ \t\\l^ by (4.4). Then Ky (g) 0{-y)\y = {Kx)\y is an isometry 
with respect to this metric. 

4.2 The Aubin-Yau functional as a norm. 

The Aubin-Yau functional AYt^(^) on the space P{M,uj) of Kahler poten- 
tials was defined in subsection §2.3. In this subsection, we shall show that, 
for complete intersections, it can be written explicitly in terms of a norm on 
the space of defining polynomials. Let (M, uj) be a compact n-dimensional 
Kahler manifold, and {L,h) M a holomorphic line bundle with metric 
h satisfying Ric{h) = co. The key property which we exploit is the close 
relation of AYi_^{^) with the Deligne pairing 

Ah = {L,---,L)^ (4.7) 
described in Theorem 2, which we reproduce here for convenience 

Ae-^ = Ah®0{AYM) 

We wish to calculate Ah in the case where M is a complete intersection. 
First we recall our previous notation: Let iV > n > be positive integers, 
let Rd Q C[zo, zn] be the space of homogeneous polynomials of degree d, 
and let Z = P{Rdi) x • • • x P{RdJ where s = N - n. Let 

X = {{z,x):z = {Fi,...,F,)eZ,xe-p^,Fi{x) = --- = Fsix) = 0} 

Then C Z x is a smooth variety and dim{X) = dim{Z) + n. Let 
C ^ X he the pull back of the hyperplane bundle on equipped with the 
Fubini-Study metric. Let 

Zq = {z E Z : Tr~^z has dimension n } 
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where vr : A" ^ Z is the natural projection. Then Zq C Z is Zariski open 
and the restricted map n : Xq ^ Zq is flat (where Xq = 7r~^(Zo)). Then the 
Deligne pairing 

S = {£,..., jC)iXo/Zo) 

is a line bundle on Zq with a continuous hermitian metric. 

Let H be the hyperplane bundle on the projective space P{Rd), endowed 
with the Fubini-Study metric. A global section of is a linear map Rd — > 
C. Similarly, a global section of £ is a polynomial map C^+i ^ C, 
homogeneous of degree d. And a global section oi H ^ is a polynomial 
map Rd X C'^"'"^ — C which is homogeneous of degree one in the first 
variable, and degree d in the second variable. As before, we observe that 
H (g) = HC^, which is a line bundle on P{Rd) x P^, has a canonical 
global section ad given by the map {F, z) f{z). The norm of this section 
is 

\Fiz)\ 



where and \z\ are the norms of vectors in and in C"'*"^ respectively, 

and is the norm of (Fi, ■ ■ ■ ,Fs), viewed as an element of Rd^ x • • • x Rd^. 
We also observe that the curvature c'^ {HC^) is given by c/^ {H) + dd^ {£) . 

Now we consider the bundle 

r = {H,C''\...,H,C''%C,...,C)iiZoxF'')/Zo) 

We evaluate T in two different ways: First we use the multi-linearity of the 
Deligne pairing to write T as a product of various terms: There is one term 
that involves none of the Hk'. As in the proof of Theorem 2, this term gives 
the trivial line bundle over Zq equipped with a constant metric. The terms 
that involve two are also trivial, by (2.13) . Thus 

k=l 

But now, applying (2.12), we get 

r = ni/f 

k=l 

where pk = Uj^kdj- 
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On the other hand, wc can evaluate F in a different way, applying (2.6) s 
times, using ai, ...as successively: 

r = {£,...,£) <^0{-E) 

where E is the function on Zq defined by 

E{F„...,Fs) = t4_/og(J^^)-(4+i---4)-c;(/:)^-'=+^ 

and Xk = {z G : Fi{z) = ••• = Fk{z) = 0}. Thus we see that 
{£, ...,£)-^ = m=i H^"' ® 0{-E). Since = Jx, cU^)^-'^ = (di • • • 4) 
we conclude that {£., ...jjC)"^ is the line bundle YU.^iH^^'' equipped with 
the metric 

>°.ii^iu^|:»-^^_/°.(^) (4.8, 

where F = Ff "' (g) ■ ■ ■ FfP". Note that if we replace Fk by XFk, then the 
right side is transformed by adding log A (which shows that the right side 
does indeed define a norm on 111=1 H^^''). 

Thus {£.,...,£) is the line bundle 111=1 H^'' equipped with the metric 

where F* = Ff • • • Ff^'P" 

a:{C®0{(t>^/2),...,C®0{4>j2)) = {C, ...,C)0O{AYUM/2) ^ {C,...,C) 
implies AY^((/.^)/2 = log I - log = log | |^ - log | |F| 

We now obtain the following: 

Theorem 5. Let M C be a complete intersection defined by the 
equations F = 0, where F = [Fi, ...,Fs) and Fk is a homogeneous polynomial 
of degree d^. Let lo be the Fubini-Study metric on M. Then for all a G 
GL{N + 1) we have 

AY.(</>.) = [Jprlog^^ (4-10) 

I 1 2 

where (j)a = log and || • ||^ is the norm on 111=1 Hj^ defined by (4-8)- 
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4.3 The Mabuchi K-energy as a degenerate norm. 

In this section we show that the Mabuchi iiT-energy of a complete intersec- 
tion can be expressed in terms of a certain degenerate norm on the space 
of defining polynomials for M. This may be viewed as a non-linear general- 
ization of Lu's formula. It also generalizes expressions for the if-energy in 
[T94] and in [PSl]. 

The Mabuchi if-energy was defined in §2.3. With the same notation as 
in there and in §4.2, we recall that it is closely related with the following 
Deligne pairing 

„ ci(M)ci(Z,)" -l 



Mh = {K, L, L) ^^T^ (L, L) l-iWV (4.11) 

where K is endowed with the metric u~^. More precisely, as stated in 
Theorem 2, we have 

Mhe-<^ = Mh®0{u^{<t>)) (4.12) 

Next consider the family Xq ^ Zq <^ Zq y.V^ , where Zq = {F & Z : F = Q 
is a normal variety of dimension n}. : As before, let C ^ Xq he the pull 
back of the hyperplane bundle on to the manifold Xq, and let /C~^ — > Xq 
be the relative anti-canonical bundle, endowed with the metric Wpiv • Now 
let 



1 



M = {JC, £,...,£) =1 {£,...,£.) [=1 

Let F e Zq and let / G Mf, where AIf is the fiber of M above F. The 
change of metrics formula (4.12) implies, for all a G GL{N + 1) 

- log^ (4.13) 

We wish to calculate the norm || • ||^. The adjunction formula says 

^ ^N+iQ^_Y^^^^ . . . 0{-Y,)ad (4.14) 

where Yi C Xq is the hypersurface defined by Fi{z) = and 0{—Yi)ad is the 
biindlc 0(—Yi) endowed with the metric of Theorem 4. Here we are using 
the fact that 

Kpl = OpN{N + l) (4.15) 

Note that the isometry in (4.15) is equivariant with respect to the action 
of SL{N + 1), and not with respect to the action of GL{N + 1). It is for 
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this reason that, unhke the transformation formula (4.8) for the Aubin-Yau 
functional, which holds for all a G GL{N + 1), our transformation formula 
for the K-energy will only hold for cr G 5'L(A^ + 1). 

Since Fi{z) is a global section of C^^Hi, we have a canonical isomorphism 
[C^^Hijad ~ 0{—Yj)ad for some uniquely defined metric || • \\ad on (C^^Hi). 
Thus /C-i = C^^^{C'^^H{)-l--- {C'^'Hs)~l. On the other hand, (4.4) 
implies that 

Thus 

(/C-i, £,...,£) = {C^+\C'^^Hi)-^ ■ ■ ■ {C'^'Hs)-\C, ...,C)®0{-G) (4.16) 
where G is the function on P(i?di) x • • • x P(i?rf^) given by 

Here M is the variety F = Q and a; = is the Pubini-Study metric on 
P^. Let 

dfe(n + l) 

where m = N + 1 — di — ■ ■ ■ — dg. One sees easily that > with equality 
if and only if c/j = 1 for all i. Then (4.16) implies 

M = l[Hr 

1=0 

and that M.~^ is equipped with the singular metric 



N-k+1 



where F = {Fi, ...,Fs). Applying (4.13) we deduce the following : 
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Theorem 6. Let M C he a smooth complete intersection defined by 
Fi = ■ ■ ■ = Fg = 0, where Fj is homogeneous of degree dj . For a £ 
SL{N + 1) let (pa = log with z G P^. Let d = di---ds and pk = 

d/dk- Let \\F\\j^ he the degenerate metric defined hy (4-l'7). Then for all 
a e SL{N + 1) we have 

II IIm 



Remark. The Aubin-Yau functional and the Mabuchi energy functional were 
written respectively in [Z] and [PSl] in terms of suitable norms of the Chow 
point of M. When M is a hypcrsurface, the Chow point of M coincides 
with M, and the norms 1 1 • 1 1 . and 11 • 11,, coincide with the norms 1 1 • 1 1 in 
[Z] and II • ||# in [PSl]. Of course, when M has higher codimension, no such 
direct comparison is possible, since the space of Chow points and the space 
of defining polynomials are then quite different. An exact expression for the 
Mabuchi functional on hypersurfaces and an asymptotic expression in the 
general case in terms of Quillen metrics can be found in [T94] and [T97]. 
See also [P] for an asymptotic expression for the Aubin-Yau functional. 

Remark. The approach in the present paper can be extended to the case of 
irreducible normal projective varieties. This together with applications to 
stability will be reported elsewhere. 

Dedication. This paper is dedicated to Professor Peter Li, former editor- 
in-chief of the Communications in Analysis and Geometry, on the occasion 
of his fiftieth birthday. 
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